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 For n = 1,  L.H.S. =  2 × 1 − 1 = 1 and  R.H.S. =  1
2
 = 1   5  

 ∴   The result is true for n = 1. 
 

 Take any p ∈ Z+   and assume that the result is true for n = p.
 

 i.e.  Σ 
r = 1

p

(2r − 1)  =  p2.
        

5  
 

 Now  Σ 
r = 1

p + 1
(2r − 1)   =  Σ 

r = 1

p

(2r − 1) + (2(p + 1) − 1)     5  

       = p2  + (2p  + 1) 

       =  (p + 1)
2
.   5  

        

 Hence, if the result is true for n = p, then it is true for n = p + 1. We have already proved that the 

result is true for  n = 1. 

 Hence, by the Principle of Mathematical Induction, the result is true for all  n ∈ Z+.   5  
                  

25
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1

3

y

x
3/2

(1,1)

3/4−3/2

y  =  4x − 3

y  =  3 − 2x

y  =  2x + 3

y  =  −4x + 3

5

5

 At the point of intersections of the graphs 

       4x  − 3  =  3  − 2x   ⇒   x   =  1    5  

   − 4x  + 3  =  3  + 2x   ⇒   x   =  0

 From the graphs, we have, 

   4x − 3 

  4x − 3 

2x − 3 

2x − 3 

  x   <  3 

  x   <  3 

 ∴ 

 

+ 

+ 

+ 

0 <  x  <  1

0 <  x  <  1

0 <  x  <  2.

{x  : 0 <  x  < 2}.

x

2x

<  3 − 2

<  3

Hence, the set of all values of x satisfying 

Replacing x  by  x 2 ,  we get 

⇔ 

⇔ 

⇔ 

is

5

5
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 Aliter 

 For  the graphs  5   +  5  ,  as before. 

 Aliter for values of x 

   2x − 3 + <  3x
 

 Case (i)      x  ≤   0 : 

 Then     2x − 3 + <  3x  ⇔  − 2x +  3 −  x  <  3

       ⇔    3x  >  0

       ⇔    x  >  0

 Hence, in this case, no solutions exist. 
 

 Case (ii)      0  < x  ≤   3
2

  

 Then      2x − 3 + <  3x  ⇔  − 2x +  3 +  x  <  3

       ⇔    x  >  0

 Hence, in this case, the solutions are the values of  x satisfying  0  < x  ≤   3
2

.     
 

 Case (iii)       x  >  3
2

  

 Then    2x − 3 + <  3x   ⇔    2x −  3 +  x  <  3

       ⇔    3x  <  6

       ⇔      x  <  2

 Hence, in this case, the solutions are the values of  x satisfying  3
2

 <  x  <  2.      

  

                       All 3 cases with correct solutions

Any 2 cases with correct solutions 5

10
 

 Hence, over all, the solutions are values of x satisfying  0  <  x  <  2.     5   
 

 

          

25
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P
M

O

2 + 2i

−i

5

5

3π
 4

−

 

 Note that 

    

 
i z + 1 =  

=  

=  

i (z − i)    =  z  − i   =   z  + i

z + i   

z  − (− i ) 

Hence, the minimum of   i z + 1     is equal to PM. 

Now,   PM   = 1 . sin        =

5

5
π
4

1
√ 2

.

5         

      
25



10 -  Combined Mathematics - I ^Marking Scheme) New Syllabus | G.C.E.(A/L) Examination - 2019 | Amendments to be included.   - 8 -

Department of Examinations - Sri Lanka                Confidential 

 ) ) )) =    

=    

1 
x2

1 
x2

  x3  +  
7

Σ 
r = 0

Σ 
r = 0

7

7

7 − r
7

C
    

    
r

7

C
    

    
r

(x3 )r

x5r − 14

         
5

 x6  :   5r − 14   =  6   ⇔     r  =  4.  5

 ∴ The coefficient of  x6    =   
7

C
    

   
4

 =  35   5

 For the above expansion to have a term independent of x, we must have 

 5r − 14  =  0.     5

 This is not possible as r ∈ Z+.       5

                
25
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 lim 
x     3

x − 2  √ − 1  
sin (π(x − 3))

5

5

5

5

5

 lim 
x     3

x − 2  √ 

1 
π

1 
π

1 
2

1 
2π

− 1  

   1  

sin (π(x − 3))

sin (π(x − 3))

sin (π(x − 3))
π(x − 3)

x − 2 +  1√ (                  )

x − 2 +  1√ (                  )
x − 2 +  1√ (                  )

=

=

=

=      1   .          . 

=     

.

.

. .

x − 3

  1

 lim 
x     3

1 
2

 lim 
x−3     0

 lim 
x−3     0

 

 

25
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0 1

y 

x

          

 The volume generated  ∫ 
0

1

( (

π
 x2+ 1√  x + 1 dx

2

∫ ∫ 
0 0

0 0

1 1

1 1

(
(

 x2+ 1

 ln 

 ln 2  + 

 ln 4  +  π

 x2 + 1
   x    1dx  + 

 + 

=  

=  

=  

=  

= 

π

π

π

(
(

(
(

(
(

dx

1
2

1
2

π
4

π
4

(x2 + 1) tan−1 x 

5

5

5

5

5

 + 
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x = at2  ,  y = 2at

dx 
dt 

dy 
dx 

dy 
dt 

dt 
dx 

 1
2at 

 1
 t 

dy 
dt = 2at ,  

. = 

= 2a

= 2a . = 

∴ The slope of the normal line   =  − t

for  t  ≠  0.  

The equation of the normal at  (at2 , 2at) is 

y − 2at   =  −t  (x − at2)

y + tx  =  2at  +  at3                            (This is valid for t  = 0 also.)

P  ≡  (4a, 4a)  on  C  ⇒   t  = 2. 

The normal line at P  :  y +  2x  = 4a  +  8a  = 12a

Since it meets C at (aT 
2
 ,  2aT), we have 

         2aT  +  2aT 
2
   = 12a. 

        ⇔  T 
2
 + T  − 6 =  0  ⇔   (T − 2) (T + 3)   = 0

         ∴   T = − 3  

        ⇔  T  =  2    or    T  = −3 

5

5

5

5

5

 

  
25
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25

                          

 

   

      

5

5

5

Q

P

l2  : 4x + 3y = 10 

l1  = x + y = 4 

Any point on the line l1  can be written in the form     

(t, 4 − t),  t ∈ R .   5

Let  P ≡ (t1, 4 − t1)

Perpendicular distance from P to l2 
4t1 + 3 (4 − t1)  − 10

√42 + 32
 =  1  =  

∴    t1 + 2   =   5

∴  t1  =   −7   or   t1  =  3

The coordinates of P and Q are 

(−7, 11)  and (3, 1). + 5
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 The centre C of  S =  0  is (2, −3).      5

 The radius R of  S =  0  is  √4 + 9  + 12 √25= =  5.   5

 CA2  =   92 + 122   =   152  ⇒  CA  =  15 >   R   = 5.    5
 
          

 ∴ Point  A  lies outside the given circle. 

 A =  (−7, 9) 

C =  (2, −3) 
5

10
P

S =  0

The point on the circle S =  0  nearest to point A is 

the point P at which CA meets S  =    0. 

Note that  CP  :  PA                      =   5 : 10 

                  =   1 : 2

∴   P ≡    (  2 × 2 + 1 (−7)
            3

 2 (−3) + 1 × 9
            3

,  )
i.e. P ≡    (−1,  1) 5

5

                 
25
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θ 

2
θ 

2
cos2 − sin2

θ 

2

θ 

2

θ 

2

θ 

2

cos2 

cos2 

− sin2

+  sin2

=

=

=

∴

=

θ 

2

θ 

2

1 − 

1 + 

tan2

tan2

for  θ  ≠  (2n  +  1) π .

cos θ    

Let  θ    =

⇒     

Then 

1 − t2

1 − t2

1 + t2

(1 + t2)

1 + t2

 π
12

tan
 π
12

tan

π 

6
√ 3

=   2 (1 −  t2)

=   2 −

=   (2 −         )2

=    >     

(2 +         ) t2

             t2                   = 

              ⇒    t       =                                     

=   
2

√ 3

√ 3 √ 3

.  

 2 −

2 − 0 

√ 3

√ 3

√ 3(2 +        )

(

( (

(√ 3

 5

 5

 5

 5

 5

∴    

                   
25
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    (a)   Suppose that 1 is a root of  p2 x2 +  2x  +   p  = 0.  

   By substituting  x = 1,  we must have p2 + 2 + p  =  0.    5

   This is impossible, as  p  >  0 implies that  p2 + 2 + p  >  0.    5

   ∴  1 is not a root of  p2 x2 + 2x + p =  0

   

   ∴  α  and  β  are both real.  5

    α  +  β   =  − 2
p2

   and  α β  =   1
p

      5  5+

   

       1
 (α  −  1)   

.
 

       1
(β  − 1)

              1

(αβ  − (α +β) + 1)

              1
                     

          p2

 p2 +  p  +  2                     

= 

= 

= 

+ 2
p2

 1
p

 + 1

Now, 

 5

 5.

   

20

10

20

The discriminant  ∆  =   22 − 4p2 .  p

                   =   4(1 − p3) 

                   �   �  (     0  < p  �  �)∴

10

 5
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35

10

Moreover, note that                                      and   α 
(α −1)

   β  
(β  −1)

are both real, 

and

   2(p + 1)

p2  +  p +  2                     
=+   α 

(α −1)
   β  
(β  −1)

>   0, ∴

∴

p  >  0    ,                    

p  >  0    .                    
        p

p2  +  p  +  2                     
= .   α 

(α −1)
   β  
(β  −1)

>   0, 

Hence,  both of these roots are possitive. 

(

(

(   

(   

 5

 5

   

          α  
α  − 1

    β
β  − 1

α (β  − 1) + β (α −1)
    (α −1)  (β − 1) 

2αβ  − (α + β )
(α −1)  (β − 1) 

          p2

 p2 +  p  +  2                     

2(p + 1)

    p2 

   2(p + 1)

p2  +  p +  2                     

          p2

 p2 +  p  +  2                     

= 

= 

= 

= 

= 

. 

. 

+ 

2
p2

2
p

 + 

Now

( (

 5

 5

 5

   
           

    α  
α  − 1

    β
β  − 1

          αβ 
(α −1)  (β − 1) 

= 

= 

= 

.
and 

          p
2

p2 +  p  +  2                     

          p
 p2 +  p  +  2                     

. 

 1
p

 5

      

 Hence,  the required quadratic equation is given by

   
          p
 p2 +  p  +  2                     

   2(p + 1)     x
p2 +  p  +  2

=     0  + x2   − 

⇒ (p2  +  p  +  2) x2  − 2 (p + 1) x  +  p  =     0  5

10

.
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     (b)   f(x)    =   x3   +  2x2  −  dx  + cd  

         Since (x − c)   is a factor,  f (c) =    0.                 
         

   ⇒  c3   +  2c2  −  dc  + cd       =   0     5

   ⇒  c2   (c + 2)    =   0

   ⇒  c    =   − 2      (

∴

  c  ≠   0)   

  

    Since,  when f(x)  is divided by (x  −  d), the remainder is cd, we have

      f(d)  =   cd.        5

   ⇒    d3   +  2d2  −  d2 + cd   = cd      5

   ⇒   d3   +  d2   = 0

   ⇒   d2   (d  + 1)  =  0 

   ⇒    d  =  −1     (

∴

  d  ≠   0)     5

   ∴    c  =  − 2   and  d  =  −1. 
 

   f(x)    =   x3   +  2x2  +  x  +  2. 
   

    Let  Ax + B  be the remainder, when  f(x) is divided by (x  + 2)2.  

   Then  f(x)  ≡     (x  + 2)2  Q(x) + (Ax + B), where  Q(x) is a polynomial of degree 1. 

        So,   x3   +  2x2  +  x  +  2  ≡     (x  + 2)2  Q(x) + Ax + B.    5

   Substituting  x  =  − 2,    we obtain  0 =  − 2A + B.   5
 
   By differentiating, we have 

    3x2   +  4x  + 1  =   (x  + 2)2  Q  (x) + 2Q(x) (x  + 2) + A.     5

   Again by substituting  x  =  − 2,   we obtain  

        12 − 8  + 1  = A     5

    ∴   A  = 5 and  B  = 10

   Hence the remainder is 5x + 10.     5

   

 5

 5

30

25
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   Aliter 
    
    By long division we have, 

      

x3   +  2x2  +  x  +  2  

x3   +  4x2  +  4x  

           − 2x2  − 3x  +  2  

 − 2x2  − 8x  − 8

          5x + 10.

x2   +  4x  +  4

x    −  2

    

15

    x3   +  2x2  +  x  +  2 ≡  (x2  + 4x  + 4)  (x − 2) +  (5x + 10)

   ∴   Required remainder is 5x + 10.      10 25
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     (a)   P1  =  {A, B, C, D, E, 1,  2,  3,  4} and  P2  = {F, G, H, I, J, 5, 6, 7, 8}

   (i) The number of different ways of choosing 3 different letters and 3 different 

    digits from  P
1
  =  

5

C
3  

.
 

  4
C

3                                       

 
 

 

    Hence the number of passwords that can be formed by choosing all 6 elements from P1

     =    5
C

3   
.
 

  4
C

3  
.  6 ǃ     5

     =    28800      5

   (ii) Different ways of selecting
Number of Passwordsfrom P

1
 from P

2
 

Letters Digits Letters Digits 

3 − − 3
5

C
  . 

   

 3
   

   

4

C
  . 

   

 3
    

   

6 !  = 28800

2 1 1 2
5

C
  . 

   

 2
   

   

4

C
  . 

   

 1
    

   

4

C
  . 

   

 2
    

   

5

C
  . 

   

 1
    

   

6 !  = 864000

1 2 2 1
5

C
  . 

    

1
   

   

4

C
  . 

   

 2
    

   

4

C
  . 

   

 1
    

   

5

C
  . 

   

 2
    

   

6 !  = 864000

− 3 3 −
4

C
  . 

   

 3
   

   

5

C
  . 

   

 3
    

   

6 !  = 28800

10

10

10

10

 

10

20
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^fuys t hkq mrdñ;shls'& 

x  +  y   = 0 u; AD =    AB jk m˙† 

∴  x  = −1 + t,    y  =  1 − t    

D ,laIhg wkqrEm mrdñ;sh T  f,i  .ksuq'

∴  D  = (−1 + T, 1 − T) 

AD     =    AB

T2  + T2      =  12  + 12      =   2

∴  T2                =    ± 1

∴   D  = (0, 0) fyda  (−2 , +2) 

    Hence, the number of different passwords that can be formed by choosing 3 elements

     from P1  and the other 3 elements from P2 =  28800 + 864000 + 864000 + 28800   =  1785600  

                 10

     
 
 (b)   Ur     =                   1

r (r +1)  (r +3) (r + 4)                  
and  Vr     =          1

r (r +1)  (r +2)          
 ;   r ∈ Z+  . 

   Then,

    Vr     −  Vr + 2   =            1
r (r +1)  (r +2)          

 −                   1 (r +2)  (r + 3) (r + 4)                  
 5

   

    =        (r + 3) (r + 4)  − r (r +1)                  
 r (r +1) (r +2)  (r + 3) (r + 4)                  

 

    =                 6 (r + 2)
 r (r +1) (r +2)  (r + 3) (r + 4)                  

  5

    =    6 Ur        5

  
 Now note that, 

    r  = 1;   6 U1      =   V1  − V3 , 

   r  = 2;   6 U2      =   V2  − V4 ,

   r  = 3;   6 U3      =   V3  − V5 ,

   r  = 4;   6 U4      =   V4  − V6 ,

 r =  n − 3 ;     6 Un - 3     =   Vn - 3  −   Vn  - 1  

   

           
10

           
 r =  n − 2;       6 Un - 2       =   Vn - 2  −   Vn  

  r =  n − 1;       6 Un - 1       =   Vn - 1  −   Vn  + 1

 r =  n ;            6 Un           =   Vn    −   Vn  + 2
   

 10
                     

50

15
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 −

 −

 −

 −

Σ 
r = 1

n

Σ 
r = 1

n

 1
 6

 1
24

  5
144

 5
24

6 Ur     =    V1   +   V 2   −   Vn  + 1   −   Vn  + 2

        =          + 

        =           

Ur     =           ∴          

              1                 
 (n +1) (n +2)  (n + 3)

                 2n + 5                  
 (n +1) (n +2)  (n + 3)  (n + 4)

                2n + 5                  
6 (n +1) (n +2)  (n + 3)  (n + 4)

              1                 
 (n +2) (n +3)  (n + 4)

∴         10

40

                5

            

 5
 

    

 −

 −

Σ 
r = 1

2n

Σ 
r = 1

n

Σ 
r = 1

n

Σ 
r = 1

n

  5
144

  5
144

Ur                

Wr     =           

Wr     =           

         =           

         =           

U
2r − 1  +  U

2r 
,       r ∈ Z+ 

.  Wr     =           

∴         

∴          

                   4n + 5                  
6 (2n +1) (2n +2)  (2n + 3)  (2n + 4)

                4n + 5                  
24 (n +1) (n +2)  (2n + 1)  (2n + 3)

(U
2r − 1  +  U

2r 
)

 5

 5

        

  
10

  

 5

 5

 5Σ 
r = 1

∞

Wr     is convergent and the sum is         . ∴        

 −

 −Σ 
r = 1

n

  5
144

  5
144

  5
144

  5
144Wr     =           

         =           

         =           

                  4n + 5                  
24 (n +1) (n +2)  (2n + 1)  (2n + 3)

                4n + 5                  
24 (n +1) (n +2)  (2n + 1)  (2n + 3)

Note that, 

 lim 
n     �

 lim 
n     �

 lim 
n     �

( (

 

  
15
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    (a)   ABT   =   ( )a     0    −1 
0   −1     0 ( )2      1 

1    −a    
3      4 

( )2a −3      a −4  
 −1             a

= 

            
5

      
10

   ABT  =  C      ( )  b      −2  
−1    b + 1 

= ( )2a −3      a −4  
 −1            a

⇔

    ⇔   2a − 3  =  b,      a − 4   =  −2  and    a  =  b + 1.   10  

    ⇔   a = 2  and  b = 1, (from any two equations above)  and  these values 
        satisfy the remaining equation.    

5
 
   

    

30
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( (  1    −2  
−1      2 

C  = 

 

                                                 
5

   
| |  1    −2  
 −1     2 

=    0 

  

   ∴  C −1 does not exist.   
5

                       

     
10

   

Aliter 

 For the existence of C−1   :  
  

 there must exist p, q, r, s  ∈ R such that 

 
( )p     q  

r      s ( (  1     0 
  0     1 

=    ( (  1    −2  
 −1     2 

  
5

 ⇒  p  − 2r  = 1,  −p  + 2r  = 0,  q  − 2s  = 0 and  −q  + 2s  = 1

 This is a contradiction 

 ∴ C−1   does not exist.       5

     

10

   P   =  1
2

 (C − 2I ) =    ({ (

  1    −2  
 −1     2 ( (  2     0 

  0     2 
=    ( ( −1   −2  

 −1     0 
 − 

{1
2

1
2

   5

   ⇒  P−1   =  2 ( 1
−2

) ( (  0      2  
  1    −1  ( (  0    −2   

−1      1  =       10

    2P  (Q + 3I ) = P − I   

   ⇔    2 (Q + 3I )  =  I  − P−1     
5

   ∴   2 (Q + 3I )  =  ( (  1      2  
  1     0  

   
5

   ⇒   Q    =    1
2

  ( (   1     2  
   1    0  

  −  3I

   
 
                 =     ( (         1

  
        −3  

5
2

−

1
2

   
5

30
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       (b) z,   z
1
,   z

2
  ∈ C.

   (i)  Let z     =  x  +  iy,   x, y ∈ R. 

    Re z      =  x  ≤   √ x2  +  y2   = z    5

  (ii)  Let  z
1
  =   r

1
(cos θ1 + i sin θ

1
)  and z

2
  =   r

2
(cos θ2 + i sin θ

2
). 

          
     
       

r
1

r
2

z
1

z
2

 =     ⇒  =    
  r

1
(cos θ1 + i sin θ

1
) × (cos θ

2
 −  i sin θ

2
)   

  r
2
 (cos θ

2
 + i sin θ

2
) ×  (cos θ

2
 −  i sin θ

2
)  

[cos (θ1 − θ
2
) +  i sin (θ1 − θ

2
) ]  

                           1

          5      5

    = 
z

1

z
2

r
1

r
2

∴ z
1

z
2   

=  5

        
   

 
    

z
1

z
1   

+  z
2

z
1

z
1   

+  z
2

Re (              

by (i) by (ii)

≤
z

1

z
1   

+  z
2

=   )   ; for  z
1   

+  z
2    

�   �.

5 5
 

 
     

10

      

z
1

z
1   

+  z
2

z
1

z
1   

+  z
2

z
2

z
1   

+  z
2

z
2

z
1   

+  z
2

Re (                                  

Re (                                  Re (                                  

For  z
1   

+  z
2    

�   � � we have 

+

+

=     1     

=     1     

=     1     

z
1 +  

z
1   

+  z
2

z
2

z
1   

+  z
2

)

))

5

5

20

10
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z
1

z
1   

+  z
2

z
1

 z
1   

+  z
2

z
2

 z
1   

+  z
2

by (i)

by (ii)

       ⇒     1  =  ≤

=

=   

+

+

z
2

z
1   

+  z
2

+   Re (   

z
1      

+   z
2

 z
1    

+  z
2

z
1      

z
2      

 z
1    

+  z
2

 z
1    

+  z
2

Re (              ) ) 5

5

              

z
1   

+  z
2 z

1     
+   z

2

z
1   

+  z
2

z
1      

+   z
2≤  z

1   
+  z

2 >  0 ∴( (

Now if                       then 

Hence, the result is true for all z
1
, z

2  
 ∈ C.

z
1   

+   z
2   

= 0,  

=  0  ≤

   ⇒

   
   

10

      (c) ω   =  1
2

 (1 −  √ 3  i )

    1 +  ω   =  √ 3  [ [ 
2

√ 3  +  i  (−    ) 1
2

=   r (cos θ
    + i sin θ

 
),    5

    
where r  =         and    θ

   =           .   √ 3 π
6

− 5

    

        
 (1 + ω)10  =  (√ 3 )10  [ cos (10θ

 
)  + i sin (10θ

 
)] by De Moivre's theorem

1 + ω  =  1 + ω   =  √ 3  (cos θ
   − i sin θ

 
)  = √ 3  [cos (−θ

 
)  + i sin (−θ

  )]

⇒  (1 + ω)10       =  (√ 3 )10  [(cos (−10θ
 
)  + i sin (−10θ

  )]
∴ (1 + ω)10 +   (1 + ω )10   =  (√ 3 )

10  ×    2 cos (10θ
 
)

                                               =  35  ×    2    ×  
1
2

 =  243.  

5

5

5

5

10

20



10 -  Combined Mathematics - I ^Marking Scheme) New Syllabus | G.C.E.(A/L) Examination - 2019 | Amendments to be included.   - 26 -

Department of Examinations - Sri Lanka                Confidential 

  
 

  (a)   For  x  �  ��   f(x)   =  9 (x2  − 4x   − 1)

      (x − 3)3

   Then  

    

20

 5

−
   3 (x2  − 4x   − 1)

           (x − 3)4

− 9 (x + 3)  (x  − 5)

          (x − 3)4

  f /(x)   =  9 [

for   x  �  3

  = 9 [
  = 

 ]

 ]
 
 (x − 3)3

(2x − 4)1

 (x − 3)4

2x2  − 10x   + 12  − 3(x2  − 4x   − 1)

 
   

   
 5

 5

 5Horizontal asymptotes :  lim 
x     ± �  f (x) = 0     ∴  y  = 0.

Vertical asymptote :  x  = 3. 

At the turning points  f /(x)   =  0.  ⇔    x  = −3 or  x  = 5.

 lim
x 3

−  lim
x 3

+ f (x) =  �  and   f (x) =  − �� 

25
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 5  5  5  5

−� � x < −3  −3 < x < 3 3 < x < 5 5 < x < � 

sign of

f 
/
(x) 

 (−)  (+)  (+)  (−)

 There are two turning points:   (−3, −       
5
6 ) is a local minimum and  (5,        9

2 ) is 

 a local maximum.     5   5

f (x) is

 
     

x

x = 3 

y

1
3

9
2( )5, 

5
6( )−3, − 

 5 5

 5

   
    
 

 
  

  

  
60

 For   x  �  3; 

   
  f //(x)  =  

 (x − 3)5

18 (x −         ) (x  +         )   . √33 √33

 

   f //(x)  = 0  ⇔  x  =  ±   √33 .   
 5

  
−� � x < − √ 33 − √ 33 < x < 3 3 < x <  √33 √ 33  < x < �

sign of

f 
//
(x) 

 (−)  (+)  (−)  (+)

concavity concave down concave  up concave down concave up

  
 10

 ∴  There are two inflection points: 

 x  =  − √33   and  x  =   √ 33  are the x− coordinates of the points of inflection.  
 5

20
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  (b)      2r

30
30

h

h

r

For  0 < r < 30; 

h  =  

The volume V is given by 

V  = 
1
3  π (2r)2  × 2h −  

1
3  πr2 h

     = 
7
3  π r2 h

     = 
7
3  π r2  √900 −  r2

√900 −  r2  5

 5

 5.

 

    For  0 < r < 30, 

     
dV
dr 

= 

dV
dr =    0   ⇔   r = 10√ 6  

7
3

7
3

π

π

7πr

 [2r  √900 −  r2  +   r2  

√900 − r22

(−2r) ]

 [2 r (900 −  r2 ) −  r3  

   (600 −  r2 ) 

]= 

= 

√900 −  r2

√900 −  r2
 .

 5

 5

 5   (     r > 0  ) 
∴

  

   

    

    For 0 < r <  10√ 6  ,  dV
dr 

> 0  and for  r >  10√ 6  , dV
dr 

< 0  

     
 5

      
 5

    ∴ V  is maximum when  r = 10√ 6  .  
 5

15

30
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    (a)   For     0  ≤  θ  ≤   π
4

 :
      

   

 5

 5

 5

 5

 5

 5

 5

 5

x =  2 sin2 θ  +  3 ⇒  dx  =  4 sinθ  cosθ   dθ  

x =  3 ⇔  2sin2 θ  = 0 ⇔ θ  = 0

x =  4 ⇔  2sin2 θ  = 1 ⇔ sinθ  = 
√ 2

1
   ⇔   θ  = π

4

2
1

∫ 
4

3
√ 

x − 3
5 −x dx √ 

2sin2 θ 
2 − 2sin2 θ

4 sinθ cosθ   dθ

4 sin2θ   dθ

(1 − cos 2θ )   dθ

(θ −       sin2θ )   

.  =

=

=    2

=    2

=    −  1    

0
∫ 

0
∫ 

0
∫ 

|

0

2
π

Then

π
4

π
4

π
4

π
4

40
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           (b)             1
(x − 1) (x − 2)

     A
(x − 1)

     B
(x − 2)

=

= ⇔   1

+

A (x − 2) + B (x − 1)  for  x ≠  1 , 2. 

   A +  B     =  0

− 2A − B    =  1

A    =  −1   and  B   =   1

Comparing coefficients of powers of  x : 

Then 

        =  ln                  ln     

∫ ∫   1
(x − 1) (x − 2 )

=dx ∫ −1  1
(x − 1) (x − 2) 

+dx dx 

x − 2 x − 1

x1  : 

x0  : 

 5

 5

 5

10

− + C , where C is an arbitrary constant. 

 5  5  5
40

 

  

       f(t)    =

|    ( ln             − ln                 

  ln (t − 2)  − ln (t − 1) + ln 2  for    t > 2.

t

3
∫   1
(x − 1) (x − 2 )

dx

x − 2 x − 1
t

3
=

=

 5

 5

)

   

10

15

10

    f (t) dt  =     ln (t − 2) dt  −    ln (t − 1) dt +    ln 2 dt ∫ ∫ ∫ ∫ 
=   (t  − 2) ln (t  − 2) − t  −   (t  − 1) ln (t  − 1) − t    +  t ln2  +  D

=   (t  − 2)ln (t  − 2) − (t  − 1) ln (t  − 1) +  t ln2 +  D,  where D is an arbitrary constant. 

] ] 
 5

 5

x ln (x − k)  −

    (x − k ) dx     =  x ln (x − k)  −   ∫ 

∫ 
∫   x

(x − k) 

∫   k
(x − k) 

= 

=   x ln (x − k)  − x  − k ln (x − k)  + C

=   (x − k) ln (x − k) − x + C,  where C is an arbitrary constant. 

dx 

dx 1 dx  − 

 5

 5

 5

 ln
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        (c) Using the formula     ∫ ∫ 
a a

b b

f (x)  dx  = (a + b − x)  dx,   

      

     
1 + ex 

−π

∫ ∫ 

∫ 

cos2 x cos2 (−x)

ex cos2x

1 + ex 1 + e−x 
dx  =

     =

−π −π

π π

π

dx  

dx  

 5

 5

          

∫ ∫ 

∫ 

∫ 

∫ 

∫ cos2 x cos2 x ex cos2 x

cos2 x dx    

x  +      sin 2x

1 + ex 1+ e−x 

(1 + ex) 

(1 + cos 2x) 

(1 + ex) cos2 x

  1+ ex 
dx  =

     =

     =

     =

     =

    ∴      =

−π −π

−π

−π

−π

−π

−π

π π

π

π

π

π

π

dx  + 

dx   

dx 

2

2
1

2
1

2
π

2
1 ] ] 

∫ cos2 x
1 + ex −π

π

dx  

 5

 5

 5

 5

 5

10
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10

12x − 5y − 7 = 0 and  y  = 1 ⇒ x  = 1,     y  = 1

∴  A  ≡  (1, 1)  10

   

Equations of the bisectors are given by 

⇒  12x − 5y − 7   =  13 (y − 1)   or   12x − 5y − 7   =  −13 (y − 1) 

⇒  2x − 3y + 1   =  0   or   3x + 2y − 5   =  0

The  angle θ  between y  = 1 and  2x − 3y + 1   =  0, is given by 

12x − 5y − 7
       13

(y − 1) 
    1

= ±

2
3 2

32
3

−  0
< 1 

(0)1 + 
= =tan θ

 10

 5  5+

 5

 5∴  l :   2x − 3y + 1 = 0. 

30
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   Note that for a point (x, y) on l ;  

   (y − 1) 
    2

(x − 1) 
    3

= =    λ  (say) 

⇒  x  =  3λ + 1,   y  =  2λ + 1.

        5 
                                            5   

   

   
    ∴  P  ≡  (3λ + 1,  2λ + 1),    λ ∈ R.    

Note that   B  ≡  (6, 0) and   P  ≡  (3λ + 1,  2λ + 1)

∴  Equation of the circle with BP as a diameter is given by 

 (x − 6)  (x  −  (3λ + 1)) +  (y − 0)  (y −(2λ + 1)) = 0    10

i.e.   (x2 + y2 − 7x − y + 6) + λ (−3x − 2y + 18)  = 0

This is of the form  S +  λU  = 0,  where  S  ≡ x2  + y2 − 7x − y + 6 and   U  ≡ −3x − 2y + 18.

S = 0 corresponds to  λ  = 0.    ⇒  P =  (1, 1)  ≡  A.   5

∴  S = 0 is the equation of the circle with AB  as a diameter.  

Since the slope of l is  2
3

, the equation of the line perpendicular  to l passing through 

B is  3x + 2y + μ  = 0,  μ  to be determined. 

Since B lies on  3x + 2y + μ  = 0, we have  18  + μ  = 0 ⇒  μ  = −18. 

∴ Required equation is  3x + 2y − 18  = 0

i.e.  U  =  −3x − 2y + 18   = 0.  

λ ∈ R,    S +  
λ U  =  0 passes through the intersection point of S =  0 and U = 0

One of these points is B and the other point C is the intersection point of l  and U =  0. 

  5

  5   5 25

10

20

  5

 10

  5

  5

 10

 10

 

    

10
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C

l

B

A

S = 0

U = 0

  

∴ The coordinates of C is given by 

    u   ≡  −3x − 2y + 18  =  0 

 and  l   ≡   2x − 3y + 1  =  0

 ⇒    x = 4 and  y = 3

 ∴   C ≡  (4, 3) .    5  

The circles ; 

  S   =  0   and  S +  λU  = 0  are orthogonal 

⇔   2 (− 1
2

(3λ + 7)) (− 7
2 ) + 2 (− 1

2
(2λ + 1)) (− 1

2 )   =  6 +  18λ + 6  

                      5                        5                             5  

 

⇔   13λ  =  26  

⇔   λ  =  2. 

25

20

  5



10 -  Combined Mathematics - I ^Marking Scheme) New Syllabus | G.C.E.(A/L) Examination - 2019 | Amendments to be included.   - 35 -

Department of Examinations - Sri Lanka                Confidential 

       (a) sin (A + B)   =    sin A cos B +  cos A sin B 1               5

   Now      sin (A − B)  =    sin  (A + (−B))     5

      = sin A cos (−B) +  cos A sin (−B)

   ∴   sin (A − B)  =    sin  A cos B  − cos A sin B  2           5

  

   1   +  2    ⇒   sin (A + B)  +  sin (A − B)  =    2 sin A cos B,    5

   1   −  2    ⇒   sin (A + B)  −  sin (A − B)  =    2 cos A sin B.     5  

   0 < θ  <  π
2

. 

      2 sin 3θ cos 2θ      =    sin 7θ , 

   ⇔   sin 5θ  +  sinθ        =    sin 7θ      5

   ⇔   sin 7θ  − sin 5θ  − sin θ   =   0

   ⇔    sin (6θ  +θ ) − sin (6θ  − θ )  − sin θ   =   0      
 5

   ⇔    2 cos 6θ  sin θ  − sin θ   =   0

   ⇔    sin θ  (2 cos 6θ  − 1)  =   0

   ⇔    cos 6θ  =   1
2

 since  0  < θ  <  π
2

, sin θ  >  0 

                     

 5

                            

15

10
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    ⇒   6θ    =   2nπ  ±  π
3

 ;  n ∈ Z.      5   +    5   

    ⇒    θ    =   nπ
 3

  ±   π
18

 ;  n ∈ Z.     

    ⇒    θ    =    π
18

,   5π
18

,   7π
18

 ,  ( ∴  0  < θ  < π
2

)    5

  
30

   (b)   A

α

β

D

CB

Note that 

CBD = β,  ADB = 2β,

and ABD = π − (α  + 2β)

∧

∧

∧

 

   Using the sine Rule : 

   for the triangle ABD,  we have 

             BD

sin BAD
∧   =      AD

sin ABD
∧      10

  
   ⇒       BD

  sin α 
             AD
  sin (π − (α  + 2β ))

=

         
 5

   ⇒       BD
  sin α 

        AD
  sin (α  + 2β )

= (1)

   for the triangle BDC,  we have 

             CD

sin DBC
∧   =      BC

sin BDC
∧     10

  
   ⇒       CD

  sin β
    BC
 sin 2β

=  (2)      
 5

   ∴  BD  =  DC and  AD  =  BC, from (1) and (2), we get  

      sin α 
  sin β

  sin (α  + 2β )     
        sin 2β 

=   5
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   ⇒    2 sin α cos β  =  sin (α  + 2β ).     5

   
40

   If α  : β  =   3 : 2, then we have 

   2 sin α  cos  2α 
 3

  =  sin 7α 
 3

     5

   ⇒    2 sin 3 (α 
3

) cos 2 (α 
3

)  =  sin 7  (α 
3

)     5

   ⇒    α 
3

  =   π 
18

,   5π 
18

,  7π 
18

 . 

   ⇒   α  =   π 
6

,  15π 
 18

,   21π 
 18

     5
    

   ∴  BC  =  AD <  AC,  α  must be an acute angle. 

   ∴ α  =   π 
6

.   5

   
20

    (c)   2 tan−1x +  tan−1 (x + 1)  =   π 
2

  

   Let  α  =   tan−1(x) and  β  =   tan−1 (x + 1).  Note that  x ≠ ± 1.

   Then  2α  +  β   =   π 
2

.     5

   ⇔     2α   =   π 
2

  −   β  

   ⇔     tan 2α   = tan (π 
2

 −  β )    5

   ⇔      2 tan α
1 − tan2 α

   =   cot β     5   +   5   
 

   ⇔  =       2x 
 1 − x2 

    1 
 x + 1 

    5

   ⇔     2x   =   1 − x      ( ∴  x ≠ ± 1) 

   ⇔     x     =    1 
3

.      5
   
   

25
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   Note that 

   2 tan−1 (1 
3

) +  tan−1 (4 
3

)  =   π 
2

. 

   ⇒  π 
4

 −  1 
2

 tan−1 (4 
3

)  =  tan−1 (1 
3

)             √ 10

3

1   

   ⇒  cos ((π 
4

) − 1 
2

 tan−1 (4 
3

)) =  cos (tan−1 (1 
3

))   5

   ∴  cos  (π 
4

 − 1 
2

 tan−1 (4 
3

)) =  
√ 10

3   5

   
10
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    Applying  I  = Δ(mv),                     

 for A and B (1
st 

collision) → :      A B C

u

     

   0  =  mv +  mw −  mu     5     v

A B

w

 ⇒  v +  w   =    u  (i) 

 Newton's law of restitution : 

   v  − w   =    eu   (ii)  5

 ∴ (i) + (ii)  ⇒  v  =   
(1 + e)
    2

 u     5        

B C

v

 ∴ velocity of B after 1
st 

collision =  
1 
2

(1 + e) u. 

 Replacing u by v, we get the velocity of  C after its collision with  B   =  
1 
2

(1 + e) v   5

                           =  
1 
4

(1 + e)2
 u   5

           

                               
25
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v2        

=  6ga  − 2g . a    

=  4ga

∴ v   

=  

If it passes the second wall, after a further

time T,  then by applying 

 s   

=  ut  +  1
2

 at2      

from A to B,  →  and 
 ↑,  we get   

a   

=  √ga . T,  

and    b − a   

=  2√ga . T −  
1

2

 gT2      5

Eliminating T  :   b − a   

=  2√ga . √ a
g  − 

1

2

 g.  ag  

        ∴  b   =  a   

+  2a − 
a
2

 i.e.    b   =  
5a
 2

     5

√ga2

Suppose that the particle passes the wall of height  a with vertical velocity 

component v. 

From O to A,      v2    

=  u2 

 +  2as : 

b

a

a

B

A

O

v

√6ga

√ga

√ga 5

 5

 5

       

 

 

  

  

 
 

 

25
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  f
T

1

B

T
mg

Mg

mg

T
A

f

f

M

R

T
1

Applying  F  =  ma

For  A,   ↓     mg −  T  =  mf 

For  B,   ↓     T  + mg −  T
1
  =  mf, 

For  C,   →      T
1
  =  Mf 

Forces 

Accelerations 

 5

 5

 5

 5

 5

 

 
25
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 R
S

F Mg

v
When the speed of the car is v ms−1

tractive force  F = 1000 P  

     v 
At the  instant when the acceleration is a ms−2

,

Applying  F  =  ma :   

         F +  Mg sin α  − R =  Ma.   

⇒   
1000 P  

     v 
 + Mg sin α  − R    =   Ma

∴     v       =    
        1000 P  

R  − Mg sin α  +  Ma 

When the car is moving with constant speed, 

a = 0 and the value of constant speed 

             v  =    
     1000 P        .

R  − Mg sin α   
 5

 5

 5

10

 

 
25
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 Applying v2 = u2
 + 2as ↓, the 

  velocity acquired by C after falling through a distance a is     

J J

u v v 

 5 for v.

   

            u  =  √2ga    5                                                                    
 
  Let  J be the impules in the string at the instant of collision

  of C and A and v be the velocity of B, just after collision. 

 Then, applying  I  = Δ(mv)                    

   for B :  ↑   J  = mv.     5

   For  A  and  C :  ↓  −J  = (m + m) v −  mu.    10

  i.e   −J  = 2mv −  m √2ga .    

  
25
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  Note that         

C A

D 
O 

B

 

       OA   =   2i + j 

       OB   =   3i − j 

  ∴ AB   =  AO  + OB  

   =  − (2i + j ) + (3i − j ) 

   =  i  − 2j    5

  ∴  AB   =   √1 + 4  =  √5

      Let OC   =   xi+  yi  

  Since  OA    OC ,   (2i +j ) . (xi + yj)  = 0 

  ∴  y   = − 2x     5

  Since  OC  =  
1

3
 AB,  √x2 + 4x2  =  

1

3
 √5   

 5

                     ∴      x2     
=  

1

9
 . 

  These equations are valid for the coordinates of D as well. 

   So,   x     
=  ±  1

3

 

                

⇒    x     
=   

1

3

     x     
= − 

1

3

 

 y     
= − 

2

3

  
 5

   y     
=   2

3

            
 5

    

 }  }

  Hence the vectors  C and D are  
1

3

i   −2

3

 j  and  −1

3

 i +  
2

3

 j.

        
25
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 By Lami's theorem                                
π
3

π
6

T
2T

1

α

W

 

 
  T

1

sin
 π
6

π
6

π
2

=

(sin       −α + )

W   .   10  

         
 5

 ∴ T
1             

=  

π
3

(2 sin       + α

W

)

 .   5

 Hence the minimum value of the tension T
1   

in AP 
 
= 

W
2

, and 

 the value of α  corresponding to minimum of T
1 
is, α = 

π
6 .    5

 

25
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  For the equilibrium of the rod : 

  Resolving  
  
R  −  W =  0.     5

     P + F  −   W
2   =  0.    5

  ∴  F  =   
W
2

 −  P     5

  

∴ F   ≤   μ R,  we have 

   
 5

  

   

≤  WW
2

1 
4

−  P

  ⇒   − 1
4

 W  ≤  W
2

 −  P ≤  
1
4

 W 

  ⇒    W
4

   ≤   P ≤  
3W
 4

    5
25
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 P(B)   =   P ((A ∩ B) ∪(A  ∩ B))   =  P(A ∩ B) + P(A  ∩ B)    5

  = 
 2

 5
  +  

 1

10
 . 

 

 ∴ P(B) = 
 1

 2
.     5

 

 P(A  ∩ B )  = P ((A ∪ B)  )       

    = 1  − P(A ∪ B)        5

    = 1  − [ P(A) + P(B)− P(A ∩ B) ]      5

    = 1  − [  3

 5
 + 

 1

 2
 −  2

 5
]

    = 1  −  7
10

  

 ∴   P(A  ∩ B  )   =  
 3

10
     5

   

25



Department of Examinations - Sri Lanka                Confidential 

10 -  Combined Mathematics - II ^Marking Scheme) New Syllabus | G.C.E.(A/L) Examination - 2019 | Amendments to be included.   - 11 -

  :itK Pedian   �� and tZo diVtinFt PodeV� fiYe nXPEeUV ZKiFK aUe leVV fiYe� in aVFendinJ

  order can be arranged in the following two possible ways.  

  a, a, 3, 3, 4   5

  b, 3, 3, 4, 4   5

  Since their sum is  15 as the mean is 3, 

  we have,  2a  + 10 = 15 ;  a  = 
 5

 2
, #    5

 

    or   b  + 14 = 15 ;  b  =  1.    5

  ∴  Five numbers are  1,  3,  3,  4,  4     5

  

25
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       (a)     
v 

tT

u + 9 

u 

       0

Car Q  

Car P

 5

 5

  

  

     v 

tT

 9 

       0

Velocity Q relative to P

 5

 5

 5

v(Q, P)  =  (u + 9) − u  = 9.

a (Q, P)  =  (f +  1
10

) − f  =  1
10

 .

 

   

   At time t  = 0, car P is 200m ahead of Q.

   In either of the graph, the area of shaded region   =  200.    5

15

10
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 Let T be the time taken by Q to overtake P.

 ∴  
 1

 2
T  (9 + 9 +  

 1

10
 T)  = 200       5

 
  
                    

 5
       

 ⇒ T 
2  

+  180 T  − 4000  =  0         5
 

⇒ (T − 20) (T  +  200)  =  0

 Since  T  >  0,   T    = 20.     5

      (b)  D

u

 C

BA

 

 Note that

 V(B
1
, E) 

  
= 

�
4

,  
 5

 V(B
2
, E) 

   
= 

�
4

  
 5

 V(W, E)
     

=  → u,     5    

M

P Qu

v
v

L

R
1

R
2

�
4
�
4

 15  15+

 V(B
i 
, W)

   
=  v, for i

  
=  1, 2.   

 V(B
i 
, E)

   
=  V(B

i 
, W)

    
+

  
 V(W, E)

    
 10

 
   

=  V(W, E)
   

+
  
  V(B

i 
, W)

  = PQ  +  QR
i         i   

=  1, 2    

  = PR
i

  ,   i
  
=  1, 2    

   

 

 

 ,n ¨  PQR
1
, 

 

                                                           

 
PR

1    
=   PL +  LR

1  

 =  
u

 2√
 + v

2

−
 √ u

2√( )
 
2

 =  
 1

2√
 2v 

2

−
 

 u 
2  

+  u√[

[

  
 10

25

55
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 Hence the speed of B
1
, from A to C is   

 1

2√
 2v 

2

−
 
 u 

2    

+  u√(

(

   

 ,n ¨  PQR
2
, 

  PR
2  

=  MR
2  

 −
 

 MP
     

=  v
2

−
 √ u

2√( )
 
2

 − 
u

 2√

    =   
 1

2√
 2v 

2

−
 
 u 

2   

−  u√(

(

     
 10

 

 Time taken by B
1   

for its motion from A to C along  AC   and then from C to D along CD   is 

  T
1    

=   + 
2√a a

PR
1  

v − u
 

 .   5

 Time taken by B
2   

for  its motion from A to B  along  AB  and then from B to D along  BD   is

          T
2    

=   + 
a 2√a

PR
2  

v + u
 

  
 5

  T
2  

− T
1    

=   
1

v − u
 

1

v + u
 

 −  a (

(

−2√a  − (

( 1

 PR
2  

 1

 PR
1  

    5

    
=    

 2au

v
2

 − u
2

 

 − 
(

( PR
1   

 
 PR

1  
. PR

2

 PR
2  

 −2√a

    
= 

   

 2au

v
2

 − u
2

 

−
  .2√a 2√ u

 1

 2 (2v 
2

−
 
 u 

2 

) −  u
2

[

[  

 5

 

    
=   

 2au

v
2

 − u
2

 

 2au

v
2

 − u
2

 

−

    
=    0.    5

 
 Hence, both boats B

1
 and B

2 
reach their destination D

 
at the same instant.

 

 

20
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      (a)    

ff −
 F

S

Y

y
xz

R

R

X
F

T
T

T

Q
T

T

T
P

2mg

3mg

mg�
3

Forces 

Accelerations 

15

20
        

          Acc of  (X, E)  =     F

          Acc of (Q,
 
E)   =  

�
3

f

  , 

) ∴

  Y  iV fi[ed��

          Acc of (P, X)   =  f − F 

    ∴  Acc of (P,
 
E)  =     F +   

�
3

f − F

         Applying  F = ma

   For motion of X
  
and particle P ;

    →  T  =  3 m F + m (F + 
 f − F

   2
)     

15

  Acc of  (X, E)   =     F 

           Acc of (Q,
 
E)  =   �

3

f

  , 

) ∴

  Y wp, ksid)

    Acc of (P, X)   =  f − F   

    ∴  Acc of (P,
 
E)  =       F +   

�
3

f − F

        F = ma fh°fuka 

  P wxY=jg X
   
ys p,s;h i|yd ;

    →  T  =  3 m F + m (F + 
 f − F

   2
)   

15

x + y + z  = consant 

⇒ x
.. 

+  y
.. 

 +  z
.. 

 =  0 

⇒ −z
.. 

=   x
.. 

 − ^−y
.. 

& 

=  f − F
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 For motion of P ;

   
�
3

 T −  mg  

 2

3√  =  m ( f − F  + 
F

2
)    10

 For motion of Q ;

   
�
3

   2 mg  

 2

3√  − T  =  2mf     
10

 Time t taken by X
  
to reach Y is given by

   a  =  
1

2
Ft

2
  10      ( s =  ut + 

1

2
 at

2
  → for X) 

 

      (b)    

S

R

O

θ

P

mg

mg

3√2a

2a

P.E. = 0 

A

 5

 5

 

   

    Applying the principle of conservtion of energy for particle P :

     
1

2
mv

2  
+

 
  mg

  
(2a cosθ) = 0 + mg. 4a

 
   15

   ⇒  v
2  

=  4ga
 
(2 − cosθ),  

π
3

 < θ < 2π    5

   For circular motion, inside the tube,  F = ma       : 

   mg cosθ + R  = 
mv

2  

2a
 
= 2mg

 
(2 − cosθ)   10  +   5

   ⇒ R 
  
=  mg

 
(4 − 3cosθ) > 0   (i)   5

   ∴ This reaction is towards the centre O.                

80

50
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   For motion inside the straight tube, F = ma       : 

           

           

�
6

�
6

mg

S − mg
 
cos 

π
3

 
=  m (0)

    S 
 
=  mg

  

 2

 S

 5

 

    

 

     

   The reaction just before reaching 
 
B = 

mg

 2
      5

   The reaction just after passing 
 
B = 

 5

 2
mg      5

   Hence, there is an abrupt change in the reaction from mg
  

 2
to  

5

2
mg in the magnitude 

   as well as in the direction from outward to inward.    5

 

   

20
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mg

B

T

C

O

A

x
.. 

�
6

x

 5    

 

   

   Equation of motion of P : F  =  ma  ; 

    �
6

 T +  mg 
1

2
  =  m (− x

.. 
) (i)   

 10

       T   = mg  x
a(

(

 (ii)     5

   (i) and  (ii)  ⇒   x
.. 

 + g
a

  (

(a
2

x +   = 0,    0  ≤  x  ≤  2a.
 

           
 5

  

25
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   Writing  y  = x + a
2

,  y
.. 

 = x
.. 

, we get      5

    y
.. 

 + ω2 y  = 0,   a
2

 ≤  y  ≤  5a
 2

,    5

   where  ω2  = g
a

.  
   

10

   Centre C of SHM is given by  x
.. 

= 0.  i.e.   y = 0  or    x =  −a
 2

.       5  +   5

   So, point C on OA such that OC =  a
2

,  (Mid − Point of OA). 

   Amplitude c is given by the formula 

    y
 . 2

 = ω2 
(c

2
  − y

2
),  where ω2  

= g
a

 . 

    y
 .

 = 0  when  y = 5a
 2

 (at B).    5

   ∴ 0 = ω2 (c2
  −  (5a

 2

 )
2

 )  ⇒  c = 5a
 2

.     5

   Let u be the velocity when the particle reaches the point A. 

   At  A   y =  a
2

,  u2 = g
a

 
 ( (5a

 2

 )
2

  −  a
2

(

(2).    5  +   5
 

   ⇒    u
 

 =  6ga√ .  
  5

    

35

   Motion of P
 
from A to O

   This motion is under gravity on the plane.   6ga√

A

�
6

mg

v

  

   Applying v2 
 = u

2
 + 2fs :

     v2  
=  6ga  + 2 (

g
2

). a      5

   ∴ v2 
 =   7ga 

   ∴ v
 
  =   7ga√     

  5

   

10
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       Time taken by P to move from B to A, under SHM 

        ωt
1

 
     = α .     5    Now  cos α 

=  

a
2 1

55a
 2

= .    5

 

        ∴ t
1

 
 =  

a √  g  (cos
−1 ( 1

5
)).    5    

A

B

C
a
2

α

5a
 2   5

         Now,  time taken by P to move from A to O :     

    Applying  v   =  u   + at  :    5

     7ga√     =   6ga√   +  
g
2

  t
2

   ∴  t
2    

=    
a √  g2    ( 7√ 6√− )   

  5
 
=  2k 

a √  g  , where  k
    

=    7√ 6√− .

   ∴  Total time, from B to O is        5

   t
1

 
 +  t

2    
=   

a √  g  (cos
−1 ( 1

5
) + 2k ), where  k   =  7√ 6√− . 

  

   
ev

v
  

   Just after striking the smooth barrier at O, speed of P is ev =  e 7ga√    5  �
6

   

   The subsequent motion of the particle will not be simple harmonic  

    if  0 <   z  �  a, where z is the distance travelled up the plane under 

   gravity.   
10 

    Applying  v 2   =  u2   + 2as  :  

  5
      0    =  (ev )2

   −   2 (g
2

)z   

          ⇒  z  =  7e2a      5

   Now,  0 <   z  �  a

            ⇔   0 <   7e2a  �  a   
  5

           ⇔  0 <   e   �  
7

1

√
.    5

      

35

35
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     (a)    B C

D

A
O

1

b

λa

2

  OC   =  OB  + BC

  OC   =  λa  + b

  BD   =  BC  + CD 

 =  λa  + 1
3

 CA   

  BD   =  λa  +  − 1
3

b  

  5

  5

  5

  
    

  
   Since  OC     to  BD ,  their scalar product = 0.     5

   ⇒ (λa  + b) .   (λa  − 1
3

b) = 0

    λ2    a 2  
+ (1 − 

1

3
) (a . b)λ − 

1

3
   b 2  

=  0    5     (

∴

 b .  a  =  a . b) 

   ⇒ 3λ2    a 2  
+ 2 (a . b)λ − 

 b 2  
=  0      5

   Given  a b 
=

 
=and AOB

∧ π
3

   ⇒   a . b   

=  a b cos 
π
3

   5

                                 

=  a1

2

2

   
Subtituting in the above equation 
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           5
   

3
  a 2 λ2  

+ 2 .     a 2 λ − a 2    
= 0 1

2

   3λ2   
+ λ  − 1  = 0  

  5

   λ  = 
 1 + 12√

2

− 1 ±

   since  λ  > 0;    λ  =  
13 − 1√

2
 .  

  5

       (b)       

A   3P

2a

6p

B X

CD

y

E

F

O

3P√
3P√2

3P√
3P

Position vectors of 

points of action. 

OA ai −         aj= 3√

OC 

OE 

ai +         aj

− 2ai 

=

=

3√

Reduce the system at O. 

H

15For diagram 

  

   
   System is equivalent to a 

couple if M ≠ 0
X  =  3P − 3P  = 0  

  10

Y  =             +  3P√  −  2 3P√  =  0      

  10
             

O      2 × 3P .  a 3P√  +  2a 3P√  + (2a) . 2 3P√ = M  =   12a 3P√    

Moment of the couple (M ≠ 0) is               20 

of magnitude 12a 3P√ Nm, in the counterclockwise sense.     5    +    5

3P√

}  
  

      

�
3

              New System 

Magnitude         =  6P     
 
Direction          =  z

K
E BO

3P√  12

6P
{

  5

  5

 10

  5

  5

K
 − 6P ×  (2a + z) 3√ 

2
+ 12a 3P√   = 0 

⇒  z  = 2a

 
          

                  ∴ New system reduces to a single force acting along BC .    5

50

65

35
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      (a)  
   

  

   5

   

 A

 aα

 W

 X

 Y

 2W
 C

 a

 a

 B  X

 Y a

W
 2

Taking moments about  B for  BC,

B   
W

2
 (2a) = 2W. a sin β  10

⇒    sin β  =  
1

2
.  ∴  β =  π

6
. 

    5   
+  5

 For BC

  X = W

2

 . cos β  = 
 

4

3√  W.    5   

   for BC :  Y  = 2W − W

2

 sin β    
 5

 

    =  7

4

 W.    5

40
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3√ cos α  =  9 sin α . 

A       X . 2a cos α −  Y 2a sin α  − W a sin α  = 0   10

⇒           

⇒    tan α  = 
 9

3√

 5 

 5 . 

   

20

     (b)   

D
p2a

r
q

Bt

C

P

u

A

�
6

W

30

 

    
    

            
Rod Tension Thrust

AB −

BC −

AC W −

BD 2W −

CD − √3 W

 4W
√3

 2W
√3

u

t

p

q

r

W

�
6

�
6

�
6

�
6

�
3

 2W
√3

 2W
√3

 2W
√3

  W
√3

               50  

    
    
    

P  =  up  = 10 4W
√3

90
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      (i) Semi - circular wire 

  

x
GO

y

Δθ

θ

 

  

 By symmetry, the centre of mass G lies on Ox � a[iV�   
 5

  ¨ m  = a¨θρ,  where ρ is the mass per unit length

 Let OG  = x  . Then 

  

a 
sinθ 

   θ 

∫ aρacosθ dθ   

aρ dθ   
     = −π

/2

π/2

π/2

x
∫ 

     =

     =
2a 

π

2

π

2

π
2

π−

2

π−

2

π−

 5

 5

  5  +     5          

    Hence, the centre of mass is at A distance 
2a
  π

 from O. 25
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 (ii)   Hemispherical shell 

    By symmetry, the centre of mass G lies on the Ox� a[iV   5

    Δm  = 2π  
(a sinθ ) aρθ.σ where     

x
GO

y

Δθ

θ

 

    σ is the mass per unit area.

    Let OG  =  x . Then 

 

    +

    +

 5

 5

 5

 5

 5∫ 2π (a 
sinθ ) a  σ a cosθ  dθ

2π (a 
sinθ ) a σ dθ

     =      0 

     0

x

∫ 

     =

     =      .
2

2

a

a 
sinθ 

 − cos θ 

2

π

2

π

2

π

2

π

     0

     0

  

  Hence, the centre of mass is at A distance 
2

a
from O. 

  Let x y G 
(   ,

       
)  with                      

 

  Ox� a[iV alonJ OA and Oy � a[iV alonJ OD.           

O

a

C

B

A

2a

D

x y G 
(  

 
 ,  

     
)
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 5

 5

 5

Object Mass
Distance from 

OD (→) 

Distance from 

OA (↓) 

Straight piece AB
πa2 σ           5    2a πa  

Semi circular 

piece BCD

 

         2

πa2 σ
 5  

  a  2a
 π

2πa  +

Hemispherical 

shell
  
8πa2 σ     5 0 − a     

Spoon  19

         2

πa2 σ
 5 x y

 

 

  19

         2

πa2 σ
 y     =   πa2 σ. πa   

+   

         2

πa2 σ
 (2πa + 2a

 π ) + 8πa2 σ (−a)    10

         
   19π
        

2

y     =    −8πa  
+2πa + a       5

          ∴    y       =   
   − 2
     

19π
 (8π  − 2π2 − 1)a 

 

 ∴  centre of mass of the spoon lies at A distance 

  
  2
19π (8π  − 2π2 − 1) a   below OA. 

 

 

  19

         2

πa2 σ
 x     =  πa2 σ.  

2a   
+   

         2

πa2 σ
 .  

 a   
+ 8πa2 σ . 0    10

 ∴   19
 2

x     =   2a   
+  

a
2

    =  5a
2

   

 ∴   x        =  
5a
19

   5
 

 ∴  centre of mass of the spoon lies at A distance 
5a
19

 from OD.  
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O A
G

W F

P

R

E

F  =  P 

R  =  W 

E P  ×  2a   =  W   ×   5

19

a

 5

 5

 5

 5

 5

 5

∴  P  =   

⇒   F  =  

 5

38

 5

38

 F
R

1

7

F
R

 5

38

W . 

W . 

∴         > 

 

 

 Hence, the spoon can be kept is equilibrium.
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   (a) Let E
i 
Ee tKe initial FoPSoVition oI tKe Eo[ ZitK i number of white balls, for

  i = 0, 1,2, 3.

 Then P (E
i
) =  

1

4
  for   i = 0, 1,2, 3

 Let W
 
be the event that the ball drawn at random is white.

 Then

         (i)  P(W)  =  Σ 
i = 0

 3

P(W | E
i 
) P(E

i
)   10

  =   
1

4
 ×  1

4
  +  2

4
 ×  1

4
 +  3

4
 × 

1

4
 × 

4

4
 × 

1

4
    10

  =  
5

8
    5

        (ii)  By Bayes theorem, 

       P (E
1  

| W)   
P(W | E

1 
) P(E

1 
) 

P(W) 
=

25

10
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      10
   

   

=

2

4

1

4

5

8

 
×

   
=

1

5
    

 5 

 

25

 

     (b)  Let  Y  =  {α x
i  
:   i  = 1, 2, . . . , n} 

 mean  :      μy     =  

n 

Σ
i = 1  

(α x
i 
)

n =  

n 

Σ
i = 1  

xi  

n )(α
=  αμ      5   +   5 

 variance :  σ 
2 

y =   

n 

Σ
i = 1  

(α x
i 
)

2

n − μ 
2 

y    
 5 

           =  

n 

Σ
i = 1  

xi  

n ][α 2
 2

− μ2  5 

           =  α 2 σ 
2       5 

       ∴  The standard deviation σy   =  α σ  5 

 

30

 

Monthly salary 

(in thousand rupees)

f Mid Point

 x y =  
 1

10
x y2 fy fy2

5  - 15 9 10 1 1 9 9

15  - 25 11 20 2 4 22 44

25  - 35 14 30 3 9 42 126

35  - 45  10 40 4 16 40 160

45 - 55 6 50 5 25 30 150

50 ∑ fx = 143 ∑ fx2 
= 489

 5  5 

 5  5 

 5  

 

∑  fy
 ∑f

∑  fy2

 ∑f
143 489 143

50 50 50
= =and        =  μy  =

 σy  = 

 −   −  σ 
2 

y μ 
2 

y )(
2

√ 4001

50 

 5 
 5 

 5 
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 Using previous results : 

 

143

50
 μx  = 10μy = 10  =  28.6 thousand rupees

 (=  28600 rupees)

)(  5 

 

and  σx  = 10σy  = 
√ 4001

 5 
≈  12.65 thousand rupees 

(≈  12650 rupees)

   
 5 

 

50

 New monthly salary :  z  =  x +  x   =
  p

100
1 +  )) x,  p

100
 where x is the previous

 monthly salary.     5 

 Using Previous results :  μz   = 1 +  )) μx 
  p

100
  

 

  29172   =  1 +  ))

28600
  p

100
 5 

 

 ⇒   29172

286
=  100 + p ∴  p  =  2     5 

 

 σz    ≈  1 +  ))

σx   
 2

100

       ≈  ×  12.65 
51

50
 

 5 

       ≈  12.9  thousand rupees 

   (≈  12900 rupees)

 

20

 

          


